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Abstract

This work suggests a new variational approach to the
task of computer aided restoration of incomplete char-
acters, residing in a highly noisy document. We model
character strokes as the movement of a pen with a
varying radius. Following this model, a cubic spline
representation is being utilized to perform gradient
descent steps, while maintaining interpolation at some
initial (manually sampled) points. The proposed algo-
rithm was utilized in the process of restoring approxi-
mately 1000 ancient Hebrew characters (dating to ca.
8th-7th century BCE), some of which are presented
herein and show that the algorithm yields plausible
results when applied on deteriorated documents.

1 Introduction

The initial impetus for this work comes from the field
of First Temple Period (i.e., Iron Age in Israel) Hebrew
epigraphy (the study of the development of writing
through time). Most of the surviving inscriptions
dating to that period in Israel are written with ink on
potshards (ostraca). These inscriptions are very badly
preserved, as they spent three millenia underground,
and the surviving characters are incomplete, noisy and
sometimes barely legible (see Figure 1).

Figure 1: Ostraca images: (a) ostracon No. 17 from
Samaria; (b) ostracon No. 2 from Lachish; and (c)
ostracon No. 1 from Arad. Even the better preserved
ostraca are blurred and partly effaced.

Traditionally, a newly discovered inscription is first
being transcribed manually to create a handmade bi-
narization of the document (facsimile - Fig. 2). These
facsimiles are then used to decipher the meaning of the

transcribed document, as well as to date inscriptions
from unclear contexts [34]. However, the process of
creating such transcriptions is subject to human error
and in many cases mixes documentation with inter-
pretation. For example, Figure 4 shows an instance
of a transcribed character that did not exist in the
original text. As a consequence, one cannot rely on
these human-made binarizations as a basis for other
document analysis tasks (be it automatic or manual).

Figure 2: Ostracon No. 3 from Tel Arad: (a) grayscale
image; (b) handmade facsimile of the ostracon.

In numerous document analysis tasks, the initial pro-
cedure is the creation of a binary image, separating the
foreground (characters) from the background. How-
ever, in cases of severely damaged documents, such as
the ones we are dealing with, the existing algorithms
fail to give a satisfactory result (see [38] for example).
The reason for this lies in the following facts: (a) the
original writing is occasionally erased and therefore its
binarization would justifiably be incomplete; (b) the
imperfections induced by the long deterioration pro-
cess might seem as an authentic signal, hence the result
would contain unwanted segments (Fig. 3). Moreover,
in contrary to common document analysis systems,
where the binarization is just a pre-processing step in
a pipeline, the characters’ restorations themselves are
of great importance to the field of Iron Age Hebrew
epigraphy.

Therefore, we have undertaken to tackle this issue by
introducing mathematical techniques from the fields of
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Figure 3: Example of a character taken from Arad
ostracon No. 18: (a) grayscale image; (b) binariza-
tion using Otsu’s method [27]; (c) binarization using
Sauvola’s method [36].

Figure 4: Ostracon No. 1 from Arad (a) original
image; (b) facsimile of the zoomed region (painted by
Y. Aharoni [2] courtesy of Israel Exploration Society).
The marked letter cannot be recognized in the original
image, and was completed according to the context of
the word.

computer aided design (CAD) and image processing
in order to create a semi-automatic approximation
of the original characters. Naturally, the resulting
restorations will have common characteristics, which
will simplify possible future tasks of comparing be-
tween scripts originating from different periods or from
different regions (i.e., paleography).

There have been other attempts to introduce math-
ematical tools to the field of epigraphy but this disci-
pline of research is still in its infant steps (recent work
on digital epigraphy can be found in [8,17,22,28,29,43],
some works related to Iron Age Hebrew epigraphy can
be found in [11–13, 38–40]). Nevertheless, those at-
tempts are not connected directly to the techniques
presented below. There are works dealing with recon-
struction of damaged handwritten characters as a re-
sult of graphics removal (e.g., see the works [1,3,6,23]).
However, the deficiencies dealt with in these articles
are relatively easy to model, in contrary to the case of
natural deterioration processes. Other research fields
that are more closely related to our stroke restoration
algorithm, are Approximation using splines [7]; Ac-
tive Contours [21] and Variational methods in image
processing [5, 25].

2 Stroke Restoration

2.1 Modeling a stroke

Many models have been proposed in the last decades
to study human movement in general and handwritten
strokes in particular. The various classical models are
based on neural networks (e.g., [19,37]), equilibrium
point models (e.g., [15,16]), behavioral models (e.g.,
[41]), kinematic models (e.g., [31, 32]), and models
relying on minimization principals (e.g., [9, 18, 42]).
For a comprehensive survey regarding such models
see the introduction to the article [33]. These models
aim at deciphering the way the underlying human
cognitive system, generating the movement, works.
Instead, we aim at approximating an already existing
incomplete stroke. Therefore, it is sufficient to use a
far simpler representation of the stroke, disregarding
the sophisticated mechanism used to create it (see [30]
for such a stroke definition - closely related to the one
we will use here).

Keeping the simplicity in mind, a stroke can be re-
ferred to as a two-dimensional piecewise smooth curve
in some parameter t ∈ [a, b]. However, such a represen-
tation ignores the stroke’s thickness dimension, which
is related to the stance of the writing pen towards the
document (in our case - potshard) and to the char-
acteristics of the pen itself. In the case of Iron Age
Hebrew it is well accepted that the scribes used reed
pens, which have a flat top rather than pointed. This
fact makes the writing thickness even more essential
to the process of stroke restoration.

In accordance to what have been stated above, the
restoration of a stroke would be a mere approximation
of a sampled thick curve. From here on, we shall use
the term stroke in the following sense:

Definition 1. A stroke is a piecewise-smooth part of
a character with a specific radius of writing at each
point, resulting from the act of writing. A stroke starts
when the pen touches the surface of writing and ends
when the pen is lifted.

In mathematical terms we denote the stroke as a
set-valued function:

S(t)
def
=

{(p, q) | (p− x(t))2 + (q − y(t))2 ≤ r(t)2}
t ∈ [a, b]

(1)

where x(t) and y(t) represent the coordinates of the
center of the pen at time t, and r(t) stands for the
pen’s radius at t (see Figure 5). The corresponding
stroke curve is thus:

γ(t) = (x(t), y(t), r(t))T t ∈ [a, b],
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Figure 5: The character ”e” comprised of discs. The
discs painted in red over the character were created
using the stroke restoration algorithm (described in
Algorithm (1)).

while the skeleton of the stroke will accordingly be the
curve

β(t) = (x(t), y(t))T t ∈ [a, b].

2.2 Energy Minimization

The use of energy functional minimization frameworks
is widespread in the image processing literature. Two
such canonical examples are the active contours [21]
and the Mumford-Shah framework [25], both referring
to the problem of segmentation. Borrowing the idea of
minimizing an energy functional, we produce an ana-
lytic reconstruction of a stroke with respect to a given
image I(p, q) ((p, q) ∈ [1, N ]× [1,M ]). This recon-
structed stroke S∗(t) corresponding to the stroke-curve
γ∗(t) = (x∗(t), y∗(t), r∗(t))T minimizing the following
functional:

F [γ(t)] =c1

T∫
0

GI(t)

(r(t))2
dt+ c2

T∫
0

1√
r(t)

dt

+ c3

N−1∑
k=0

tk+1−ε∫
tk+ε

|K(ẋ, ẏ, ẍ, ÿ)|dt

. (2)

γ∗(t) = argmin
γ(t)

{F [γ(t)]}, (3)

where GI(t) =
∑

(p,q)∈S(t) I(p, q) is the summation
of the gray level values of the image I inside the
disc S(t); ẋ, ẍ and ẏ, ÿ denote the first and second
derivatives of x and y with respect to the parameter
t; K(ẋ, ẏ, ẍ, ÿ) = ẋÿ−ẏẍ

(ẋ2+ẏ2)3/2
stands for the curvature

of the skeleton of the stroke β(t); 0 < c1, c2, c3 ∈ R

are balancing parameters; and 0 < ε ∈ R is of a small
magnitude.

The reconstruction is subject to initial and bound-
ary conditions at tk manually sampled when one of
the following terms hold: a) beginning and end of
strokes; b) intersections of strokes; c) significant ex-
tremal points of the curvature; d) points with no
traces of ink. For more details regarding the manual
sampling see Section (3.3).

First and Second Terms – Fidelity: We denote the
right hand side elements of equation (2) by:

F
(S)
E = c1

T∫
0

GI(t)

(r(t))2
dt,

and

F
(r)
E = c2

T∫
0

1√
r(t)

dt.

The motivation behind these terms is to force the min-
imum of the functional to correspond to the original

image of the stroke. F
(S)
E is an integration of the gray

level values over the reconstructed stroke which should
be low if the reconstructed stroke covers the image

of the stroke, while F
(r)
E is lower when the radii of

the discs become larger. The balance between these
two terms is of great importance and therefore a de-
tailed discussion regarding this issue is presented in
Appendix A.

Third Term – Internal Energy: As opposed to the
first and second terms, the third term on the right
hand side of equation (2)

FK = c3

N−1∑
k=0

tk+1−ε∫
tk+ε

|K(ẋ, ẏ, ẍ, ÿ)|dt,

does not relate to the image of the handwriting, but
to the approximation of the stroke’s skeleton alone.
This term would have been redundant had we an ideal
image of the stroke, as the restoration would be a
close fit to the image. However, in our case where
the image is severely damaged and the stroke is often
incomplete, it is vital to control the smoothness of the
curve. Accordingly, this term limits the possibility
of high curvature areas and hence keeps the curve
smoother.

We stated above that a stroke starts where the pen
touches the surface and ends where the pen is lifted
(see Definition 1). Therefore, using the integral over
the curvature of the stroke’s skeleton could prove to
be problematic, as there might exist local curvature
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maxima and corners (i.e., discontinuity of the second
derivative). In order to avoid the ”smoothing” of
desired corners the skeleton’s curvature is ignored in
ε-neighborhoods of the sampled points.

3 Algorithms

Prior to presenting our algorithm, we begin by nar-
rowing down the domain of possible solutions for the
minimization problem presented above. Next, follow-
ing an analysis of the reduced problem, we provide
a detailed description of the stroke restoration algo-
rithm. We conclude this section with some remarks
regarding possible improvements.

3.1 Limiting The Solutions Domain

In order to simplify the minimization problem at hand,
we restrict the space of possible reconstructing curves
γ(t) = (x(t), y(t), r(t))

T
to natural cubic splines

(with respect to some nodes {tj}n+1
j=−1). It is notewor-

thy that this restriction is adequate since such curves
minimize the integral over the squared magnitude of
the second derivative, and therefore controls the cur-
vature as well (e.g., see [20]). This quality fits the
third term in equation (2). Accordingly, we can now
represent such a curve in the cubic B-Spline basis for
equally distributed nodes:

γ(t) =

n+1∑
j=−1

(
cxj , c

y
j , c

r
j

)T
Bj(t) =

n+1∑
j=−1

~cBj(t), (4)

Using this representation, each curve is now de-
scribed in full by n+3 coefficients vectors ~ci which will
be referred to henceforth as control points. Thus, we
can rewrite equation (2) as a function of d = 3 · (n+ 3)
variables:

F [γ] = F
(
cx−1, c

y
−1, c

r
−1, ..., c

x
n+1, c

y
n+1, c

r
n+1

)
= F (y1, ..., yd)

, (5)

where γ(t) is defined by (4), and y1, ..., yd are the
variables of F corresponding to the relevant indices.
Accordingly, we have: y3(i+2)−2

y3(i+2)−1
y3(i+2)

 =

 cxi
cyi
cri

 = ~ci

Following this rationale, given an initial guess we
can apply the Gradient Descent method in order to
search for the optimal solution. The convergence of
the algorithm is not guaranteed theoretically, as we
do not know whether the problem is convex in the
general setting. Nevertheless, our experiments with

a slightly modified Gradient Descent (described in
the following passages) showed that given a piecewise
linear first guess (using just a few manually sampled
points), the algorithm yielded reliable restorations.
For more details please see Sections 3.3 and 4.

The classical Gradient Descent algorithm for uncon-
strained optimization of F : Rd → R is defined by the
following iterative process [4]:

xk+1 = xk − αk∇F (xk), (6)

and αk ∈ R is given by

αk = argmin
α
{F (xk − α∇F (xk))}.

Unfortunately, applying this method to our case
proved to be inefficient as it converges to insignificant
local minima stemming from the noise of the given
data. As a consequence, we used a different step-size
for each element in our domain so that equation (6)
now becomes:

xk+1 = xk −
(
α
(k)
1

∂F

∂y1
(xk), ..., α

(k)
d

∂F

∂yd
(xk)

)
, (7)

We start by assigning some initial values to α
(k)
i and

update the values at each iteration according to:

α
(k+1)
i =

{
α
(k)
i

∂Fyi
∂yi

(xk) · ∂F∂yi (xk−1) > 0

α
(k)
i · T otherwise

,

where T ∈ (0, 1). This way, each time the sign of

the directional derivative changes, α
(k)
i decreases so

that the steps would be smaller in that direction. This
method has proven empirically to be significantly more
stable.

3.2 Performing Gradient Descent and
maintaining interpolation

As we wish to present a semi-automatic procedure,
there is a need to maintain the interpolation at the
initial and boundary points, sampled by the user. For
this end, the Gradient Descent steps should not inter-
fere with the interpolation conditions. In what follows,
we develop a way to perform Gradient Descent steps
with respect to the spline’s control points, while main-
taining the interpolation at the desired points.

Applying the standard Gradient Descent steps de-
scribed in equation (6) to our case (i.e., using the
representation from (5)) results in the following itera-
tive process:

~C(k+1) = ~C(k) − α(k)∇F (~C(k)), (8)
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where we denote

~C(k) =

 | |
~c
(k)
−1 · · · ~c

(k)
n+1

| |

 ,

~c
(k)
−1 , ...,~c

(k)
n+1 are the control points at the kth iteration

(i.e., γ(k)(t) =
n+1∑
j=−1

~c
(k)
j Bj(t) ), and

∇F (~C(k)) =


∂F
∂cx−1

(~C(k)) · · · ∂F
∂cxn+1

(~C(k))
∂F
∂cy−1

(~C(k)) · · · ∂F
∂cyn+1

(~C(k))
∂F
∂cr−1

(~C(k)) · · · ∂F
∂crn+1

(~C(k))

 .

It is easy to verify that in order to satisfy γ(k)(ti) =
~fi for some node at ti at the kth iteration, the control
points must maintain the following relation:

1

6
~c
(k)
i−1 +

2

3
~c
(k)
i +

1

6
~c
(k)
i+1 = ~fi. (9)

Hence, if we maintain this condition at each iteration
we have

1

6
(~c

(k)
i−1 − ~c

(k+1)
i−1 ) +

2

3
(~c

(k)
i − ~c

(k+1)
i )

+
1

6
(~c

(k)
i+1 − ~c

(k+1)
i+1 ) = ~0

.

So, by denoting ~δi = ~c
(k)
i − ~c

(k+1)
i we get:

1

6
~δi−1 +

2

3
~δi +

1

6
~δi+1 = ~0

~δi−1 + 4~δi + ~δi+1 = ~0 (10)

However, by rewriting equation (8) we get the fol-
lowing relation:

~C(k+1) − ~C(k) = −α(k)∇F (~C(k)) | |
~c
(k+1)
−1 − ~c(k)−1 · · · ~c

(k+1)
n+1 − ~c

(k)
n+1

| |

 =

−α(k)


∂F
∂cx−1

(~C(k)) · · · ∂F
∂cxn+1

(~C(k))
∂F
∂cy−1

(~C(k)) · · · ∂F
∂cyn+1

(~C(k))
∂F
∂cr−1

(~C(k)) · · · ∂F
∂crn+1

(~C(k))


.

Hence, we can rewrite ~δi as:

~δi = α(k)


∂F
∂cxi

(~C(k))
∂F
∂cyi

(~C(k))
∂F
∂cri

(~C(k))

 .

Accordingly, we can reinterpret equation (10) as a con-
dition over the directional derivatives of our function
F . Explicitly, we get the following condition for x, y
and r independently:

∂F

∂ci−1
+ 4

∂F

∂ci
+

∂F

∂ci+1
= 0

This relation restricts our problem and reduces the
dimensionality of the derivation directions in our gra-
dient. Thus, we should not find the gradient with
respect to the standard directions but use directions
that do not interfere with the interpolation conditions.

If we represent the standard directions as direction
vectors we get the standard derivation basis:

1 0 · · · 0

0 1
. . .

...
...

. . .
. . . 0

0 · · · 0 1

 .

Thus, in order to uphold the interpolatory conditions
in the ith node, instead of using the three standard
directions:

(i)



0
...
1
0
0
...
0





0
...
0
1
0
...
0





0
...
0
0
1
...
0


,

we would use the following directions:

(i)



0
...
1
− 1

4

0
...
0





0
...
0
− 1

4

1
...
0


. (11)

Moving along these directions will ensure the interpo-
lation criterion is kept. This way for each constraint
we lose a dimension in the derivation basis and change
the directions accordingly.

Proposition 1. Let γ(t) =
n+1∑
j=−1

cjBj(t) be a spline

curve with respect to the nodes tj (where Bj(t) are
the B-spline basis functions), and assume γ(ti) =
fi at some node ti. Then changing the coefficients
ci−1, ci, ci+1 along the directions presented in (11) does
not affect the interpolation at ti.
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Proof. We wish to verify whether the interpolation

is kept by γ̃(t) =
n+1∑
j=−1

c̃jBj(t), where c̃j = cj for

j 6= i− 1, i, i+ 1 and

c̃i−1 = ci−1 + α
c̃i = ci − 1

4α−
1
4β

c̃i+1 = ci+1 + β
. (12)

In order to do so it is sufficient to verify that:

1

6
c̃i−1 +

2

3
c̃i +

1

6
c̃i+1 =

1

6
ci−1 +

2

3
ci +

1

6
ci+1,

and this is easily verified from equation (12).

Corollary 1. Using both the original and the slightly
altered Gradient Descent steps described in equations
(6) (7) (respectively) in the directions described in
equation (11) uphold the interpolation conditions at
the node ti.

Remark 1. In order to be able to perform the above
mentioned step, there must exist at least one non-
interpolating node in between two nodes where we wish
to satisfy the interpolation conditions.

Remark 2. The directional derivative at each point
is approximated by the forward difference scheme:

∂F

∂v
≈ F (x+ hv)− f(x)

h|v|
.

Therefore, we first normalize our derivation basis to
get

∂F

∂v
≈ F (x+ hv)− f(x)

h
.

3.3 Stroke Restoration

Algorithm 1. Stroke Restoration

1. A user manually selects the initial and boundary
points for the desired stroke (see Figure 6a)

2. An initial piecewise linear spline, interpolating
the sampled points, is constructed (see Figure
6b). The interpolation points are regarded as node
points. Between each pair of interpolated points
another node is created (For example: if a user
sampled three points we will have a total of 5
nodes). We define the curve parameter such that
the nodes ti are in Z. This way the nodes are
equally distributed.

(a) For example, the first manually sampled
point will correspond to the node at t0 = 0,
the second point will be connected with the
node at t2 = 2 and in between them another
node would be created at t1 = 1

3. The spline’s control points are developed, using
the Gradient Descent iterations described at (7)
with respect to the cost functional described in (5)
while maintaining the interpolation at the sampled
points.

(a) We set minimal and maximal radius param-
eters and do not allow the coefficients cri to
exceed these limits.

Figure 6: A character from Arad Ostracon No.1 (a)
initial and boundary points sampled manually (b) the
initial piecewise linear interpolation (c) the control
points of the initial spline.

The manual selection of points is done in accordance
to the following criteria:

1. Choose the beginning and ending of strokes.

2. Whenever there exist an intersection between two
strokes sample it.

3. Significant extremal points of the curvature
should be sampled.

4. It is preferred to sample areas where the ink is
missing (i.e., points of discontinuity).

5. If a stroke segment between two consecutive
points is long then we should sample another
one between them to allow the spline to represent
the stroke as close to reality as possible.

It is noteworthy that this process inserts a certain
amount of subjectivity into the restoration, and can
be even laborious, if a large number of characters are
being worked. However, this obstacle can be overcome
in the future, by automating the selection process (e.g.,
by using prior knowledge about the prototype of the
character we are aiming to reconstruct).

In Figure 7 we can see the gradient descent steps
described above applied to a ”waw” character from
Arad Ostracon No. 1. The initial and boundary
points used in this run (marked in blue) and the initial
piecewise linear spline are shown in Figure 7a. The
algorithm started from four manually sampled points

6



Figure 7: Restoration of a stroke from a ”waw” char-
acter taken from Arad Ostracon No.1. (a) The initial
piecewise-linear spline. Marked in blue are the man-
ually sampled initial and boundary conditions. (b-f)
The resulting spline after 3,9,12 and 14 gradient de-
scent iterations correspondingly.

and developed from a coarse approximation to a fine
representation of the stroke.

Figure 8d demonstrates the values of the cost func-
tion in equation (2) through the iterations performed
for a single stroke restoration. Figures 8a-c illustrates
the energy terms, mentioned above, after factorization.

4 Experimental Results

The stroke restoration algorithm, was designed in
order to overcome the difficulties of the very noisy
ancient-documents media. The basic motivation for
this research comes from First Temple period Hebrew
inscriptions which are written in ink over clay shards
(i.e, ostraca). We have, therefore, put our method to
a test using various characters taken from several os-
traca as input data. These inscriptions were excavated
in Tel Arad during the 1960’s by Yohanan Aharoni [2]
and are dated to the beginning of the 6th century BCE
(see for example [2, 26]).

In all of the following experiments we used the same
parameters. This was successful as we first performed
histogram stretching and only then applied Algorithm
1 to the enhanced image (see Figure 9c). Thus, the
differences of brightness and contrast between various
images do not affect the scaling of our cost function.
This step was not necessary but it saved the time of
balancing our parameters for each and every image.
The parameters used for a ∼ 350×350 pixels character
were: maximal radius = 50 ; minimal radius = 3 ;

Figure 8: Development of the cost function terms of
equation (2). (a) the term FK which is the integral
over the curvature (i.e., internal energy) (b) the term

F
(S)
E which is the integration of the gray level under

the curve. (c) the term F
(r)
E assuring the growth of

the radii. (d) the cost functional.

the cost function parameters from equation (2) c1 =
2, c2 = 2000, c3 = 50 (they were set by trial and error).
The number of iterations performed was 14.

Examples of reconstructed strokes are presented in
Figures 9 and 10. In both cases the strokes belong to
the same ”alep” character from Arad Ostracon No.1.
In the example presented in Figure 9 we can see that
where two written lines overlap there is a need to
sample delicately in order to preserve the separation
between the two lines. Noteworthy is the authenticity
of both restorations.

By overlaying the two reconstructed strokes one over
the other we get a very clean binarization (Figure 11c).
A comparison between the fully reconstructed ”alep”
character to the handmade facsimile is presented in
Figure 11. It is apparent that the restoration gives a
favorable result. Moreover, the reconstructed stroke
has an analytic representation which enables us to
deduce accurate mathematical properties of the curve,
such as the curvature.

Another reconstructed character from the same os-
tracon is presented in the same fashion in figures 12-14.
This time the reconstructed character is ”shin”. For
other examples of reconstructed ”waw” characters see
15

Furthermore, the stroke restoration algorithm was
utilized by epigraphers to produce a new reconstruc-
tion of an entire inscription. The inscription, which
was found in the excavations of the City of David at
Jerusalem (i.e., Ophel) is presented in Fig. 16.
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Figure 9: First stroke of an ”alep” character taken
from Arad Ostracon No.1. (a) the initial and bound-
ary points. (b) the resulting spline after performing
14 steps of the gradient descent. (c) the character’s
image after histogram stretching. (d) the resulting
binariztion.

5 Concluding Remarks

Since handmade restorations of characters are pivotal
to the understanding of ancient Hebrew writing there
arises a need to aid the epigraphers in producing a
more standardized restorations and reduce the inher-
ent bias in the process. The research presented above
describes a new computer aided approach to segmen-
tation and restoration of incomplete character strokes
in a noisy background. The soundness of the restora-
tion method was tested in various cases and produced
clean and reasonable results. These restorations yield
analytic representations of the strokes that can be
utilized to compare given strokes to one another.

It should be noted, that the stroke restoration al-
gorithm was tested on more than 1000 different char-
acters. Approximately 500 characters were recon-
structed from Tel Arad inscriptions, 500 from Samaria
inscriptions and the rest are restorations of the Ophel
(Jerusalem) ostracon mentioned above. Upon manual
inspection of the results about 11.5% were precluded as
they did not adhere to the original images sufficiently.
The restorations from Tel Arad were used in a comput-
erized paleographic investigation regarding the literacy
rates in the Kingdom of Judah ca. 600 BCE [10]. In
addition, the Ophel ostracon restorations were used
to present a new reading of the inscription [14], while
the rest are intended for a future investigations of the
dissemination of writing in the Kingdom of Israel in
the 8th century BCE.

Figure 10: Second stroke of an ”alep” character taken
from Arad Ostracon No.1. (a) the initial and bound-
ary points. (b) the resulting spline after performing
14 steps of the gradient descent. (c) the character’s
image after histogram stretching. (d) the resulting
binariztion.

Although the algorithm presented in this work was
developed to tackle difficulties stemming from His-
torical Document Analysis it may be useful for other
fields of research. The task of the epigrapher in many
ways resembles the one of the forensics expert, trying
to decide whether a specific document was written by
some suspect. We therefore, assume that the approach
presented above could be applicable in fields related
to computerized forensics.

The problem of identifying a writer of a specific doc-
ument is still open. There is still a lot to be done as the
identification rates of the state-of-the-art algorithms
are still very low [24]. Using the analytic represen-
tations of characters could significantly enlarge the
amount of features extracted. The obvious obstacle
of applying our methodology to that field is the fact
that it involves manual sampling of the characters. In
accordance to that, in order to use similar techniques
for the case of writer identification there arises a need
to develop an automatic sampling procedure.

Another open subject is offline signature verification
and identification of forgeries. Forgery detection is
interesting not only from the forensic science perspec-
tive but for the historical purposes as well, since the
market of forged antiquities flourish (specifically when
referring to First Temple Period in Israel for example
see [35]).

8



Figure 11: Restoration of a complete alep character
(a) the original image (b) the restoration overlaid upon
the image (c) the two reconstructed binary strokes
overlaid (d) a handmade facsimile drawn by Yohanan
Aharoni [2].
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Appendix A - Detailed Analysis
of The Fidelity Terms

In this appendix we wish to take a closer look at
the first and second terms of the right hand side of

Figure 12: First stroke of a ”shin” character taken
from Arad Ostracon No.1. (a) the initial and bound-
ary points. (b) the resulting spline after performing
14 steps of the gradient descent. (c) the character’s
image after histogram stretching. (d) the resulting
binariztion.

equation (2):

limc3→0 F = FE = c1
∫ T
0

SI(t)
(r(t))2 dt+ c2

∫ T
0

1√
r(t)

dt

FE = F
(S)
E + F

(r)
E

.

(13)

In order to give a full explanation to the power of r(t)

in F
(r)
E we wish to rewrite it as

F
(r)
E = c2

T∫
0

1

r(t)α
dt,

and try to find an optimal power 0 < α that will suite
our case.

Assumptions: For the clarity of our analysis we
suppose that the handwriting is colored black (i.e,
pixel value 0) over white background (i.e, pixel value
1). This is a minor assumption since all images can
be binarized. Moreover, it is possible to perform a
similar analysis using the fact that the stroke color is
relatively dark while the background color is bright.

Accordingly, as long as the curve remains completely

within the stroke boundaries the first term F
(S)
E is

identically zero. If the radius r(t) at some point
(x(t), y(t))T exceeds the radius of writing (denoted

R) then F
(S)
E grows. Had we F

(S)
E alone (by setting

c2 = 0) then the optimum could be reached at any
radius r(t) that keeps the curve completely within

9



Figure 13: Second stroke of a ”shin” character taken
from Arad Ostracon No.1. (a) the initial and bound-
ary points. (b) the resulting spline after performing
14 steps of the gradient descent. (c) the character’s
image after histogram stretching. (d) the resulting
binariztion.

the stroke boundaries. Therefore, F
(r)
E =

∫ T
0

1
rα dt is

necessary to ensure that the radius wishes to grow to

the boundary of the stroke, since F
(r)
E decreases when

r(t) grows.
For further simplification we require that the discs’

centers are situated along the medial axis of the stroke
image (i.e., skeleton). Since we force our restoration
to comply with some initial conditions (e.g., beginning
and ending of the stroke) which prevents the solution
from collapsing to a null solution, locating the discs’
centers outside the stroke image cannot result in the
globally minimal curve. Therefore, if the centers are
within the stroke their most favorable position would

be at the true centers (i.e., the skeleton) so that F
(r)
E

will be minimal and F
(S)
E will remain zero. The term

F
(r)
E forces r(t) to grow to the limits of the writing

radius, denoted by R. Moreover, F
(r)
E prevents r(t)

from collapsing to zero.
Our final demand is that, aside from the initial

conditions, the stroke will have a low curvature, which
means that locally it resembles a straight line. This
condition is not fulfilled at points where the stroke
curvature is extreme. For this reason we require these
points to be part of our initial conditions.

To summarize our assumptions for the analysis of

F
(S)
E and F

(r)
E :

1. The stroke is colored black (pixel value 0) while
the background white (pixel value 1).

Figure 14: Restoration of a complete ”shin” character
(a) the original image (b) the restoration overlaid upon
the image (c) the two reconstructed binary strokes
overlaid (d) a handmade facsimile drawn by Yohanan
Aharoni [2].

2. The discs’ centers are situated at the skeleton of
the stroke image.

3. The original stroke’s curvature will be low and
will therefore locally resemble a straight line.

4. We require that the stroke comply with some
initial conditions (e.g., beginning and ending of
stroke and curvature extremal points) to prevent
null solutions as an optional result (a more de-
tailed discussion regarding the initial conditions
is presented in Section 3.3)

Rewriting SI(t): earlier we stated that SI(t) =∫
(p,q)∈S(t) I(p, q)dt, that is SI(t) is the summation of

all gray level values inside the disc. Using assump-
tions 1 and 2 we can deduce that as long as r < R
we have SI(t) = 0 and by using assumption 3 and
straightforward calculations for r ≥ R we get

SI(t) = (θ − sin(θ)) · r2,

where θ denotes the segment’s angle which in our case

equals θ = 2 arccos(Rr ). Hence, SI(t)
r2 is a normalized

deviation measure.
Choosing the parameter α: As our aim is that

the functional will be minimized as close as possible
to r = R, we wish the discs to be as large as possible
within the limits of the foreground. Accordingly, it is
clear that α should be larger than zero (i.e., α > 0).
However, in order to decide what is the most fitting
value we look at a single disc D(x0, y0, r) for some

10



Figure 15: Restoration of three ”waw” characters
using Algorithm 1 the first line from Arad Ostracon
No. 1 and the second and third lines are from Arad
Ostracon No. 2: (a,d,g) are the original images of the
characters; (b,e,h) are the handmade facsimiles; (c,f,i)
are the restorations of Algorithm (1).

constant x0, y0 and a varying radius r where the stroke
is straight and the writing radius R is constant(see
Figure 17 for an illustration). For this case we can
write FE as:

FE =
c2
rα

+ c1 ·
SI
r2

=
c2
rα

+ c1 ·

{
0, r < R

θ − sin(θ), r ≥ R
.

(14)

Notice that SI ≥ 0 and when r = R we have that
θ = 0. Therefore, SI is continuous in r and as we will
show it is also differentiable at r = R. Since

SE(r ≤ R) =
c2
rα
,

local extremal points can appear only in (R,∞) where
substituting θ with arccos(Rr ) into equation (14) yields:

FE = c1 ·
(

2 arccos
R

r
− sin(2 arccos

R

r
)

)
+
c2
rα
. (15)

Differentiating this expression with respect to r gives:

Figure 16: The Ophel (Jerusalem) ostracon: (a) a
facsimile created by utilizing the stroke restoration al-
gorithm; (b) the original grayscale image. The restora-
tion, which was taken from [14], had been produced
by Mrs. Shira Faigenbaum-Golovin and is presented
here with her courtesy.

Figure 17: The black area illustrates a straight stroke.
The inner disc with radius R is the writing disc,
whereas the larger disc with radius R is the disc S(t)
for some specific t. Marked with pink lines is the
segment exceeding the stroke to the left. The right
segment has the same area.

∂FE
∂r

=
4c1R

√
1− R2

r2

r2
− c2αr−α−1, (16)

and we can find the extremum for each predetermined
α > 0. For example let us assume that α = 1 then
instead of (16) we get:

∂FE
∂r

=
4c1R

√
1− R2

r2 − c2
r2

. (17)

Hence the minimum is found at:

r =
4c1R

2√
16R2c21 − c22

, (18)

which is not far from our desired minimum at r = R.
Taking a closer look at (16) we can see that ∂FE

∂r (r =

11



R+) = ∂FE
∂r (r = R−) = −c2αR−α−1 < 0. Therefore,

the faster −c2αR−α−1 decreases the root of equation
(16) will be closer to R. Numerical experiments per-
formed with FE indicated that as long as α ≥ 0.5
the choice of α’s value does not affect the the results
significantly.

Since our initial motivation is the restoration of a
stroke in a highly noisy environment, where the ink
is sometimes partly erased, we chose a conservative
parameter of α = 0.5 , which has proven to be more
resistant to noise than larger values.

References

[1] W. Abd-Almageed, J. Kumar, and D. Doermann.
Page rule-line removal using linear subspaces in
monochromatic handwritten arabic documents.
In Document Analysis and Recognition, 2009. IC-
DAR’09. 10th International Conference on, pages
768–772. IEEE, 2009.

[2] Y. Aharoni and J. Naveh. Arad inscriptions.
Israel exploration society, 1981.

[3] K. Arvind, J. Kumar, and A. Ramakrishnan.
Line removal and restoration of handwritten
strokes. In Conference on Computational Intelli-
gence and Multimedia Applications, 2007. Inter-
national Conference on, volume 3, pages 208–214.
IEEE, 2007.

[4] J. Barzilai and J. M. Borwein. Two-point step
size gradient methods. IMA Journal of Numerical
Analysis, 8(1):141–148, 1988.

[5] A. M. Bruckstein, B. M. Haar Romeny, A. M.
Bronstein, and M. M. Bronstein, editors. Scale
Space and Variational Methods in Computer Vi-
sion, SSVM 2011, Ein-Gedi, Israel, May 29–June
2, 2011, Revised Selected Papers, volume 6667.
Springer 2012, 2011.

[6] R. Cao and C. L. Tan. Text/graphics separation
in maps. In Graphics Recognition Algorithms and
Applications, pages 167–177. Springer, 2002.

[7] C. De Boor. A practical guide to splines. Mathe-
matics of Computation, 1978.

[8] M. Diem, R. Sablatnig, M. Gau, and H. Miklas.
Recognizing Degraded Handwritten Characters,
volume 3. Books on Demand (BoD), 2011.

[9] S. Edelman and T. Flash. A model of handwriting.
Biological Cybernetics, 57(1-2):25–36, 1987.

[10] S. Faigenbaum, A. Shaus, B. Sober, D. Levin,
N. Na’aman, B. Sass, E. Turkel, E. Piasetzky,
and I. Finkelstein. Algorithmic handwriting anal-
ysis of judah’s military correspondence sheds light
on composition of biblical texts. Proceedings of
the National Academy of Science (PNAS), forth-
coming.

[11] S. Faigenbaum, A. Shaus, B. Sober, E. Turkel,
and E. Piasetzky. Evaluating glyph binarizations
based on their properties. In Proceedings of the
2013 ACM symposium on Document engineering,
pages 127–130. ACM, 2013.

[12] S. Faigenbaum, B. Sober, M. Moinester, and E. Pi-
asetzky. Tel Malhata: A Central City in the Bib-
lical Negev, chapter Innovation and Intellectual
Property Rights. Tel Aviv University Press, Tel
Aviv, 2015. forthcoming.

[13] S. Faigenbaum, B. Sober, A. Shaus, M. Moinester,
E. Piasetzky, G. Bearman, M. Cordonsky, and
I. Finkelstein. Multispectral images of ostraca: ac-
quisition and analysis. Journal of Archaeological
Science, 39(12):3581–3590, 2012.

[14] S. Faigenbaum-Golovin, C. A. Rollston, E. Pi-
asetzky, B. Sober, and I. Finkelstein. The ophel
(jerusalem) ostracon in light of new multispectral
images. Semitica, 57:113–137, 2015.

[15] A. G. Feldman. Functional tuning of nervous
system with control of movement or maintenance
of a steady posture. 2. controllable parameters of
muscles. BIOPHYSICS-USSR, 11(3):565, 1966.

[16] A. G. Feldman and M. L. Latash. Testing hy-
potheses and the advancement of science: recent
attempts to falsify the equilibrium point hypothe-
sis. Experimental Brain Research, 161(1):91–103,
2005.

[17] F. Fischer, C. Fritze, and G. Vogeler. Codicology
and palaeography in the digital age 2, volume 2.
BoD–Books on Demand, 2010.

[18] T. Flash and N. Hogan. The coordination of arm
movements: an experimentally confirmed math-
ematical model. The journal of Neuroscience,
5(7):1688–1703, 1985.

[19] G. Gangadhar, D. Joseph, and V. S.
Chakravarthy. An oscillatory neuromotor
model of handwriting generation. International
Journal of Document Analysis and Recognition
(IJDAR), 10(2):69–84, 2007.

12



[20] J. C. Holladay. A smoothest curve approxima-
tion. Mathematical Tables and Other Aids to
Computation, pages 233–243, 1957.

[21] M. Kass, A. Witkin, and D. Terzopoulos. Snakes:
Active contour models. International journal of
computer vision, 1(4):321–331, 1988.

[22] V. Lavrenko, T. M. Rath, and R. Manmatha.
Holistic word recognition for handwritten histori-
cal documents. In Document Image Analysis for
Libraries, 2004. Proceedings. First International
Workshop on, pages 278–287. IEEE, 2004.

[23] D. Lopresti and E. Kavallieratou. Ruling line
removal in handwritten page images. In Pat-
tern Recognition (ICPR), 2010 20th International
Conference on, pages 2704–2707. IEEE, 2010.

[24] G. Louloudis, B. Gatos, and N. Stamatopoulos.
Icfhr 2012 competition on writer identification
challenge 1: Latin/greek documents. In ICFHR,
pages 829–834. Citeseer, 2012.

[25] D. Mumford and J. Shah. Optimal approxima-
tions by piecewise smooth functions and asso-
ciated variational problems. Communications
on pure and applied mathematics, 42(5):577–685,
1989.

[26] N. Na’aman. Textual and historical notes on the
eliashib archive from arad. Tel Aviv, 38(1):83–93,
2011.

[27] N. Otsu. A threshold selection method from gray-
level histograms. Automatica, 11(285-296):23–27,
1975.

[28] M. Panagopoulos, C. Papaodysseus, P. Rousopou-
los, D. Dafi, and S. Tracy. Automatic writer
identification of ancient greek inscriptions. Pat-
tern Analysis and Machine Intelligence, IEEE
Transactions on, 31(8):1404–1414, 2009.

[29] C. Papaodysseus, P. Rousopoulos, F. Giannopou-
los, S. Zannos, D. Arabadjis, M. Panagopoulos,
E. Kalfa, C. Blackwell, and S. Tracy. Identifying
the writer of ancient inscriptions and byzantine
codices. a novel approach. Computer Vision and
Image Understanding, 121:57–73, 2014.

[30] V. Pervouchine, G. Leedham, and K. Me-
likhov. Three-stage handwriting stroke extrac-
tion method with hidden loop recovery. In Doc-
ument Analysis and Recognition, 2005. Proceed-
ings. Eighth International Conference on, pages
307–311. IEEE, 2005.

[31] R. Plamondon. A kinematic theory of rapid hu-
man movements. Biological cybernetics, 72(4):295–
307, 1995.

[32] R. Plamondon, X. Li, and M. Djioua. Extraction
of delta-lognormal parameters from handwriting
strokes. Frontiers of Computer Science in China,
1(1):106–113, 2007.

[33] R. Plamondon, C. OReilly, J. Galbally, A. Al-
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